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In the present work, we analyze the influence of the polarization effects taking place
during the course of a 2DIR spectroscopy experiment performed on a molecular sys-
tem undergoing an intermolecular vibrational energy transfer process. When both
donor and acceptor molecules participating in the vibrational energy transfer are
embedded in a host solvent, they face rotational diffusion that strongly distorts the
resulting 2DIR spectra. It could be expected that the difference between rotational
diffusion constants will be of particular interest. For this purpose, the polarization
effects are discussed according to the different orderings of the laser-molecule inter-
actions. Next, we study the distortions of the spectra as a function of the rotational
diffusion constants of the individual molecules. The knowledge of these polariza-
tion effects are relevant to the interpretation of the spectra. Finally, the conclusions
reached in this work for a vibrational energy transfer are valid for any other type of
third-order optical process performed on the same molecular system.
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I. INTRODUCTION
Measurements and subsequent interpretations of the spectra obtained from two-dimensional
(2D) or higher multidimensional spectroscopy experiments, are difficult tasks. Under certain
circumstances, polarization effects can be an additional and quite effective tool to overcome
these difficulties1,2. In fact, polarization has long been used as a spectroscopic tool, but it is
especially useful in 2D spectroscopy because the diagonal and cross peaks characterizing 2D
spectra arise from a well-defined number and ordering of the pulsed laser fields interacting
with the molecular transition dipoles. Therefore, taking advantage of particular combina-
tions of the laser fields, specific processes can be emphasized in the 2D spectra. It can be
expected that polarization will play an even more important role in 3D spectroscopy3.
Today, these polarization effects became very important in 2D infrared (2DIR) spec-
troscopy where sequences of polarized laser pulses are used to detect angles between molec-
ular transition dipoles4–6. This emerges as an important tool to monitor the molecular
structures. Indeed, these effects have played a major role in developing polarization-selective
2DIR spectroscopy which provides a unique way to analyze rotational dynamics. Among
the large number of applications, we can mention the determination of the anisotropy dy-
namics of both intraconfigurational hydroxyl groups and those hydroxyl groups undergoing
interconfigurational H-bond exchange in six-molar aqueous sodium perchlorate7. Of course,
these investigations of H-bond exchange rely on previous developments in the theoretical
description of rotational dynamics in H-bonded solutions, as well as theoretical models of
2DIR spectroscopy4,8,9. Theoretical models for rotational dynamics originating from libra-
tional, diffusive and angular jump motions have been developed and applied to experimental
studies of rotational dynamics in water and aqueous solutions10–15. Besides, polarization ef-
fects are useful for supressing background signals16,17 and even for enhancing cross peaks at
the expense of diagonal peaks18. This is of particular interest because large diagonal peaks
quite often mask weaker cross peaks and suppressing the diagonal peaks provides better
resolution of the cross peaks.
From a more fundamental point of view, control over polarization generally leads to im-
proved spectral resolution by suppressing or enhancing the contributions associated with spe-
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cific pathways in the Liouvillian space according to the relative orientations of the laser field
polarizations and dipole moments of the molecular states involved in a particular chrono-
logical pathway4,5,16,19,20. Therefore, taking advantage of adequate polarization schemes,
physical insights can be extracted by enhancing or suppressing the contributions associated
with some elementary processes that can possibly exhibit or cover the relevant information
on which we want to focus21,22.
Orientation as well as rotational relaxation dynamics are among the most fundamental
characteristics of molecules at surfaces and interfaces. They play an important role in many
physical, chemical, and biological phenomena, including molecular mechanisms of energy
relaxation, solvation, electron transfer, and many others. What is more relevant to the
present work is that when we perform a 2DIR experiment on molecules embedded in a host
solvent, for example upon investigating the intermolecular vibrational energy transfer, these
effects make the spectra more intricate because rotational diffusion can strongly perturb the
optical response of the molecular system under investigation. When rotational motions of
the molecules are much slower than the longest time delays required to measure the spectra,
rotational motions can be neglected. However, for small molecules, rotational motions can
contributes significantly to homogeneous dephasing. Here, the polarization effects can dras-
tically alter the resulting spectra. Consequently, any interpretation of the 2D spectra will
require a proper account of the rotational motion undergone by the molecules participating
in the energy transfer. Therefore, an average has to be performed over the orientations of
the dipoles of all molecules. The resulting 2DIR spectra will be dependent on the magnitude
of the rotational diffusion constants of all molecules involved. This is exactly what we want
to analyze in the present work.
The paper is organized as follows. Sec. 2 reviews briefly the general expression of the signal
intensity valid for the rephasing and non-rephasing directions. Next, rotational diffusion is
taken into account to calculate the orientational average of the above-mentioned signal. In
Sec. 3, the vibrational molecular model supporting intermolecular vibrational energy transfer
is introduced to evaluate the internal dynamics as well as the orientational evolution of the
molecules undergoing the energy transfer. Finally, in Sec. 4, numerical simulations are
performed to give a quantitative analysis of the polarization effects on the 2DIR spectra of
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a system undergoing intermolecular vibrational energy transfer.
II. POLARIZATION EFFECTS ON INTERMOLECULAR VIBRATIONAL
ENERGY TRANSFER
The purpose of this section is to describe an intermolecular vibrational energy transfer
taking place between molecules undergoing rotational diffusion. Due to their respective
shapes, the molecules involved in the energy transfer process generally experience different
frictions from the host solvent. Since we are interested in the intermolecular energy transfer,
the 2DIR experiment involves the dipole moments of two different molecules, which is a
typical situation in 2DIR studies. The total vibrational system is therefore composed of
vibrational modes QA and QB pertaining to molecules A and B, respectively. The laser-
system interaction Hamiltonian is given by
V (t) = −
∑
p=a,b,c
Ap (t− Tp)
[
~µ · ~Epe−iωp(t−Tp)+i~kp·~r + C.C.
]
, (II.1)
where the notation C.C. stands for the complex conjugate. The symbol Ap (t− Tp)
stands for the normalized envelops of the three laser pulses defined as Ap (t− Tp) =
√
γp exp (−γp |t− Tp|) with p = a, b or c. Any theoretical description of the 2DIR spec-
troscopy experiment requires the third-order perturbation term of the density matrix with
respect to the laser-molecule interaction V (t)1,2,23–27. The contribution to the third-order
term of the density matrix, ρ(3) (t), relevant to our purpose, takes the form
ρ(3) (t) =
i
~3
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1
×G (t− τ3)Lv (τ3)G (τ3 − τ2)Lv (τ2)G (τ2 − τ1)Lv (τ1)ρ (t0) , (II.2)
where the interaction Liouvillian is defined by Lv(τα) = [V (τα) , · · · ]. Also involved are
the propagators G(τα − τβ) = exp
{− i
~
L(τα − τβ)
}
. They depend on another Liouvillian
L = [H , · · · ] with H the free vibrational system Hamiltonian. The matrix elements of
the propagator with specific form of the indices Giijj(τα − τβ) account for free population
evolution if i = j and population transfer if j 6= i, respectively. Another set of matrix
elements, namely Gijij(τα − τβ) with i 6= j account for the evolution of the coherences. The
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emitted radiation signal along the rephasing phase-matched direction ~kre = −~ka + ~kb + ~kc
and the non-rephasing direction ~knre = ~ka − ~kb + ~kc are deduced from the third-order term
of the polarization
~P
(3)
~ks
(Ta, Tb, Tc, t) = 2ℜ
[∑
i
∑
j<i
ρ
(3)
~ks,ij
(t) ~µji
]
(II.3)
where ~ks stands for ~kre or ~knre.
Using a local field ~Elo (t) = Alo (t− Tlo)
[
~Eloe−iωlo(t−Tlo)+i~klo·~r−iΨ + C.C.
]
with Ψ an ad-
ditional phase, the heterodyne detection is introduced1,2,28–30. As usual, the signal field is
deduced from the polarization through the expression ~E~ks (Ta, Tb, Tc, t) ∝ i ~P
(3)
~ks
(Ta, Tb, Tc, t).
With typical experimental conditions of weak signal field intensity and after subtracting the
intensity of the local field, the temporal Fourier transform of the total intensity is given by
I~ks (Ta, Tb, Tc, ωt) = 2ℜ
[(∫ +∞
−∞
dt ~Elo (t− Tlo) eiωtt
)∗(∫ +∞
−∞
dt ~E~ks (Ta, Tb, Tc, t) e
iωtt
)]
.
(II.4)
Then, with the time origin chosen at the center of the last pulse and by assuming clean fast
leading edges for the pulses31 the time integration can be reduced to t ∈ [0,+∞). Finally,
the 2D spectra is obtained by performing a second Fourier transform over the delay time
τ = Tb − Ta so that
I~ks (ωd, ωt, T ) =
∫ +∞
−∞
dτe−iωdτI~ks (τ, T, ωt) (II.5)
The experimental waiting time is defined as T = min (|Ta| , |Tb|) according to the prescription
by Jonas32. The time origin is chosen at the center of the last pulse.
The donor and acceptor of the vibrational energy transfer process are both dissolved in
liquid solvent. Therefore, a proper account of the polarization effects requires the introduc-
tion of orientational dynamics of the molecular motion. For simplicity, we assume that both
the donor and acceptor can be approximated by spherically symmetric molecules having a
homogeneous moment of inertia. The collisions between the donor, the acceptor, and the
solvent molecules induce angular random walks of the dipole moments which can be modeled
by a rotational diffusion equation of motion of the angular probability distribution function
G (Ω, t)33:
∂G (Ω, t)
∂t
= −DJˆ2G (Ω, t) (II.6)
5
whose general solution for a molecule rotating from one direction Ωα = (θα, φα) to another
one Ωβ = (θβ, φβ) during the time interval δt is given by the propagator
G (Ωβ, δt |Ωα ) = e−DJˆ
2
δt
G (Ωα, 0 |Ωα ) (II.7)
if we neglect the rotation during the laser pulse durations. The dipole propagators can be
expanded in terms of spherical harmonics Yℓ,m (θ, φ), abbreviated as Yℓ,m (Ω), satisfying the
well-known eigenvalue equation
J2Yℓ,m (Ω) = ℓ (ℓ+ 1)Yℓ,m (Ω) (II.8)
as well as the orthonormalization and closure relations

∫
dΩYℓ′,m′ (Ω) Y
⋆
ℓ,m (Ω) = δℓ,ℓ′δm,m′
δ (Ω− Ω0) =
∞∑
ℓ=0
ℓ∑
m=−ℓ
Yℓ,m (Ω0) Y
⋆
ℓ,m (Ω) ≡
∑
ℓ,m
Yℓ,m (Ω0)Y
⋆
ℓ,m (Ω)
(II.9)
If the initial condition G (Ω, 0 |Ω0 ) = δ (Ω− Ω0) is satisfied, Eq.(II.7) becomes
G (Ω, t|Ω0) = e−DJ2t
∑
ℓ,m
Yℓ,m (Ω0)Y
⋆
ℓ,m (Ω) =
∑
ℓ,m
e−ℓ(ℓ+1)DtYℓ,m (Ω0)Y ⋆ℓ,m (Ω) (II.10)
This is the dipole propagator required in the following. Then, the complete polarization
dependence of the overall evolution of molecules A and B participating in the energy transfer
is included in the term Eˆlo · ~µρ(3) (t) where Eˆlo stands for the unitary vector along the
oscillating local field. We shall expediently call this heterodyne-detected signal using the
local field the heterodyne signal. The average over molecular orientations of the heterodyne
signal, denoted as 〈Π (t)〉or =
〈
Eˆlo · ~µρ(3) (t)
〉
or
, can be expressed as
〈Π (t)〉or =
i
~3
[ ∏
s=A,B
∫
dΩ
(s)
3
∫
dΩ
(s)
2
∫
dΩ
(s)
1
∫
dΩ
(s)
0
]∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
× G
(
Ω
(A)
3 Ω
(B)
3 , t− τ3
∣∣∣Ω(A)2 Ω(B)2 )G (t− τ3)Lv (τ3)
× G
(
Ω
(A)
2 Ω
(B)
2 , τ3 − τ2
∣∣∣Ω(A)1 Ω(B)1 )G (τ3 − τ2)Lv (τ2)
× G
(
Ω
(A)
1 Ω
(B)
1 , τ2 − τ1
∣∣∣Ω(A)0 Ω(B)0 )G (τ2 − τ1)Lv (τ1)
× P(A)0
(
Ω
(A)
0
)
P(B)0
(
Ω
(B)
0
)
ρ (t0) (II.11)
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Assuming random initial dipole orientations we have P(A)0 = P(B)0 = 1/4π. If there is no cor-
relation between the orientations of the molecules, the propagator can be factorized so that
G
(
Ω
(A)
n Ω
(B)
n , τn − τm
∣∣∣Ω(A)m Ω(B)m ) = G (Ω(A)n , τn − τm ∣∣∣Ω(A)m )G (Ω(B)n , τn − τm ∣∣∣Ω(B)m ). Also,
owing to the perturbative approach, only one molecule participates in the laser-molecule
interaction at a given time and we have if j 6= k:
G
(
Ω(j)q , τr − τq
∣∣Ω(j)p )L(k)v (τq)G (Ω(j)p , τq − τp ∣∣Ω(j)m ) = G (Ω(j)q , τr − τp ∣∣Ω(j)m )L(k)v (τq)
(II.12)
where L
(k)
v (τq) stands for Lv (τq) if molecule k interacts with the laser pulse at time τq.
In the three-photon process considered in the theory of 2DIR spectroscopy, three photons
interact with either of the two molecules involved respectively in different chronological order.
It is important to recall that the procedure of averaging over molecular dipole orientations
depends on this chronological ordering of the photon-molecule interactions. Accordingly, we
divide all of the processes into four groups so that the 〈Π (t)〉or =
∑
M=I→IV
〈
ΠM (t)
〉
or
. The
integral in Eq. (II.11) can be simplified in these four cases in respective ways.
In the first case, the three photons interact with the same molecule. The corresponding
heterodyne signal takes the form
〈
ΠI (t)
〉
or
=
i
~3
∑
j=A,B
∫
dΩ
(j)
3
∫
dΩ
(j)
2
∫
dΩ
(j)
1
∫
dΩ
(j)
0
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
× G
(
Ω
(j)
3 , t− τ3
∣∣∣Ω(j)2 )G (t− τ3)Lv (τ3)G (Ω(j)2 , τ3 − τ2 ∣∣∣Ω(j)1 )G (τ3 − τ2)Lv (τ2)
× G
(
Ω
(j)
1 , τ2 − τ1
∣∣∣Ω(j)0 )G (τ2 − τ1)Lv (τ1)P(j)0 (Ω(j)0 )ρ (t0) (II.13)
The second case corresponds to two photons interacting with the same molecule first, fol-
lowed by the third photon interacting with the other molecule. Then, we have
〈
ΠII (t)
〉
or
=
i
~3
k 6=j∑
j,k=A,B
∫
dΩ
(j)
2
∫
dΩ
(j)
1
∫
dΩ
(j)
0
∫
dΩ
(k)
1
∫
dΩ
(k)
0
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1
× ~Elo · ~µG
(
Ω
(k)
1 , t− τ3
∣∣∣Ω(k)0 )G (t− τ3)Lv (τ3)
× G
(
Ω
(j)
2 , t− τ2
∣∣∣Ω(j)1 )G (τ3 − τ2)Lv (τ2)
× G
(
Ω
(j)
1 , τ2 − τ1
∣∣∣Ω(j)0 )G (τ2 − τ1)Lv (τ1)P(j)0 (Ω(j)0 )P(k)0 (Ω(k)0 )ρ (t0) (II.14)
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The third case involves one photon interacting with one molecule followed by two photons
interacting with the other. It turns out
〈
ΠIII (t)
〉
or
=
i
~3
k 6=j∑
j,k=A,B
∫
dΩ
(k)
2
∫
dΩ
(k)
1
∫
dΩ
(k)
0
∫
dΩ
(j)
1
∫
dΩ
(j)
0
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1
× ~Elo · ~µG
(
Ω
(k)
2 , t− τ3
∣∣∣Ω(k)1 )G (t− τ3)Lv (τ3)
× G
(
Ω
(k)
1 , τ3 − τ2
∣∣∣Ω(k)0 )G (τ3 − τ2)Lv (τ2)
× G
(
Ω
(j)
1 , t− τ1
∣∣∣Ω(j)0 )G (τ2 − τ1)Lv (τ1)P(j)0 (Ω(j)0 )P(k)0 (Ω(k)0 )ρ (t0) (II.15)
Finally, in the last case, three photons interact chronologically with different molecules in
turns. In other words, the order is either A-B-A or B-A-B. Thus,
〈
ΠIV (t)
〉
or
=
i
~3
k 6=j∑
j,k=A,B
∫
dΩ
(j)
2
∫
dΩ
(j)
1
∫
dΩ
(j)
0
∫
dΩ
(k)
1
∫
dΩ
(k)
0
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1
× ~Elo · ~µG
(
Ω
(j)
2 , t− τ3
∣∣∣Ω(j)1 )G (t− τ3)Lv (τ3)
× G
(
Ω
(k)
1 , t− τ2
∣∣∣Ω(k)0 )G (τ3 − τ2)Lv (τ2)
× G
(
Ω
(j)
1 , τ3 − τ1
∣∣∣Ω(j)0 )G (τ2 − τ1)Lv (τ1)P(j)0 (Ω(j)0 )P(k)0 (Ω(k)0 )ρ (t0) (II.16)
All these quantities are required to evaluate the spectra associated with the energy transfer.
The first one, namely
〈
ΠI (t)
〉
or
, is the simplest because only one molecule is involved in the
averaging procedure. The scalar product involved in the interaction term can be extracted,
so that Lv (τ) = µˆ · EˆL˜v (τ). Applying the spherical-harmonics expansion given by relation
(II.10) and with the help of the orthogonality relation of the spherical harmonics we get
〈
ΠI (t)
〉
or
=
i
~3
√
1
12π
∑
j=A,B
∫
dΩ
(j)
3
∫
dΩ
(j)
2
∫
dΩ
(j)
1
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1
× ~Elo · ~µ(j)e−D(j)J2(t−τ3)
×
∑
ℓ,m
Yℓ,m
(
Ω
(j)
2
)
Y ⋆ℓ,m
(
Ω
(j)
3
)
µˆ(j) · EˆpG (t− τ3) L˜v (τ3) e−D(j)J2(τ3−τ2)
×
∑
ℓ′,m′
Yℓ′,m′
(
Ω
(j)
1
)
Y ⋆ℓ′,m′
(
Ω
(j)
2
)
µˆ(j) · EˆqG (τ3 − τ2) L˜v (τ2) e−2D(j)(τ2−τ1)
× Y ⋆1,0
(
Ω
(j)
1
)
G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.17)
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In Eq. (II.17), we have also assumed a uniformly distributed initial dipole orientation,
P(j)0
(
Ω
(j)
0
)
= 1/4π. The polarization of the laser field is chosen to be along the Z-axis.
Therefore, µˆ(j) · Eˆr = cos θ =
√
4π/3Y1,0
(
Ω
(j)
0
)
. Similarly, µˆ(j) · Eˆq =
√
4π/3Y1,0
(
Ω
(j)
1
)
and µˆ(j) · Eˆp =
√
4π/3Y1,0
(
Ω
(j)
2
)
. With these explicit expressions, we shall take advantage
of the following integral relations between spherical harmonics:∫
dΩY ⋆1,0 (Ω) Y1,0 (Ω) Yℓ,m (Ω) =
√
1
4π
δℓ,0δm,0 +
√
1
5π
δℓ,2δm,0∫
dΩY ⋆0,0 (Ω) Y1,0 (Ω) Yℓ,m (Ω) =
√
1
4π
δℓ,1δm,0∫
dΩY ⋆2,0 (Ω) Y1,0 (Ω) Yℓ,m (Ω) =
√
1
5π
δℓ,1δm,0 +
3
2
√
3
35π
δℓ,3δm,0
(II.18)
we obtain, for the first term, the final result
〈
ΠI (t)
〉
or
=
i
~3
4π
9
Eloµ
(j)
∑
j=A,B
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1e
−2D(j)(t−τ3)
×
[
1
4π
G (t− τ3) L˜v (τ3)G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ2−τ1)G (τ2 − τ1) L˜v (τ1)ρ (t0)
+
1
5π
G (t− τ3) L˜v (τ3) e−6D(j)(τ3−τ2)G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ2−τ1)
×G (τ2 − τ1) L˜v (τ1)ρ (t0)
]
(II.19)
where the notations Ep = | ~Ep| and µ = |~µ| have been introduced.
Next we evaluate
〈
ΠII (t)
〉
or
. Using the previous properties and definitions, integrations
over Ω
(j)
0 and Ω
(k)
0 can be performed. Then, expression (II.14) reduces to
〈
ΠII (t)
〉
or
=
i
~3
1
3
√
12π
k 6=j∑
j,k=A,B
∫
dΩ
(j)
2
∫
dΩ
(j)
1
∫
dΩ
(k)
1
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
× e−2D(k)(t−τ3)Y ⋆1,0
(
Ω
(k)
1
)
G (t− τ3) L˜v (τ3) e−D(j)J2(t−τ2)
×
∑
ℓ′,m′
Yℓ′,m′
(
Ω
(j)
1
)
Y ⋆ℓ′,m′
(
Ω
(j)
2
)
Y1,0
(
Ω
(j)
1
)
G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ2−τ1)
× Y ⋆1,0
(
Ω
(j)
1
)
G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.20)
where relations
P(j)0
(
Ω
(j)
0
)
= P(k)0
(
Ω
(k)
0
)
µˆ(j) · Eˆr{q} =
√
4π
3
Y1,0
(
Ω
(j)
0{1}
)
and µˆ(k) · Eˆp =
√
4π
3
Y1,0
(
Ω
(k)
0
)
(II.21)
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have been introduced. Now, we perform the integration over Ω
(j)
1 using the integral relation
∫
dΩ
(j)
1 Y
⋆
1,0
(
Ω
(j)
1
)
Y1,0
(
Ω
(j)
1
)
Yℓ,m
(
Ω
(j)
1
)
=
(
1
4π
)1/2
δl,0δm,0 +
(
1
5π
)1/2
δl,2δm,0 . (II.22)
to get
〈
ΠII (t)
〉
or
=
i
~3
1
3
√
12π
k 6=j∑
j,k=A,B
∫
dΩ
(j)
2
∫
dΩ
(k)
1
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
×e−2D(k)(t−τ3)Y ⋆1,0
(
Ω
(k)
1
)
G (t− τ3) L˜v (τ3)
[
1√
4π
Y ⋆0,0
(
Ω
(j)
2
)
+ 1√
5π
e−6D
(j)(t−τ2)Y ⋆2,0
(
Ω
(j)
2
)]
×G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ2−τ1)G (τ2 − τ1) L˜v (τ1)ρ (t0)
(II.23)
We still have to integrate over Ω
(k)
1 and Ω
(j)
2 . To this end, we must specify the molecular
transition contributing to the heterodyne signal. If we assumed that the detection focus on
a molecular transition of molecule j, we have ~Elo · ~µ(j) =
√
4π/3 Y1,0
(
Ω
(j)
2
)
and
∫
dΩ
(j)
2
√
4π
3
Y1,0
(
Ω
(j)
2
)
Y ⋆0,0
(
Ω
(j)
2
)
=
∫
dΩ
(j)
2
√
4π
3
Y1,0
(
Ω
(j)
2
)
Y ⋆2,0
(
Ω
(j)
2
)
= 0 (II.24)
which implies in turn that
〈
ΠII (t)
〉
or
= 0 if the local field acts on the j-molecule. This result
is not surprising at all because it is well established that the second-order optical response
cancels for an isotropic system, which is the case here since the laser field interacts twice
with the same molecule. Otherwise, if detection focus on a particular transition of molecule
k, ~Elo · ~µ(k) =
√
4π/3Y1,0
(
Ω
(k)
1
)
and performing the integrations over Ω
(k)
1 and Ω
(j)
2 we get
〈
ΠII (t)
〉
or
=
i
9~3
Eloµ
(k)
k 6=j∑
j,k=A,B
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1e
−2D(k)(t−τ3)G (t− τ3) L˜v (τ3)
×G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ2−τ1)G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.25)
because
∫
dΩ
(j)
2 Y
⋆
2,0
(
Ω
(j)
2
)
= 2π
∫ π
0
dθ sin θ
√
5
16π
(3 cos2 θ − 1) = 0.
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Then we calculate the third term
〈
ΠIII (t)
〉
or
. It takes the form
〈
ΠIII (t)
〉
or
=
i
~3
1
6
√
2π
k 6=j∑
j,k=A,B
×
∫
dΩ
(k)
2
∫
dΩ
(k)
1
∫
dΩ
(k)
0
∫
dΩ
(j)
1
∫
dΩ
(j)
0
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
× e−D(k)J2(t−τ3)
∑
ℓ,m
Yℓ,m
(
Ω
(k)
1
)
Y ⋆ℓ,m
(
Ω
(k)
2
)
Y1,0
(
Ω
(k)
1
)
G (t− τ3) L˜v (τ3)
× e−D(k)J2(τ3−τ2)
∑
ℓ′,m′
Yℓ′,m′
(
Ω
(k)
0
)
Y ⋆ℓ′,m′
(
Ω
(k)
1
)
Y1,0
(
Ω
(k)
0
)
G (τ3 − τ2) L˜v (τ2)
× e−D(j)J2(t−τ1)
∑
ℓ′′,m′′
Yℓ′′,m′′
(
Ω
(j)
0
)
Y ⋆ℓ′′,m′′
(
Ω
(j)
1
)
Y1,0
(
Ω
(j)
0
)
G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.26)
Here, we need to introduce the definitions of the polarization propagators and interaction
terms. First, we integrate over Ω
(j)
0 and Ω
(k)
0 . Next, taking advantage of the first relation in
(II.18), we integrate over Ω
(k)
1 . The following result is obtained:
〈
ΠIII (t)
〉
or
=
i
~3
1
6
√
2π
k 6=j∑
j,k=A,B
∫
dΩ
(k)
2
∫
dΩ
(j)
1
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µe−D(k)J2(t−τ3)
×
[
1√
4π
Y ⋆0,0
(
Ω
(k)
2
)
+
1√
5π
Y ⋆2,0
(
Ω
(k)
2
)]
G (t− τ3) L˜v (τ3) e−2D(k)(τ3−τ2)
×G (τ3 − τ2) L˜v (τ2) e−2D(j)(t−τ1)Y ⋆1,0
(
Ω
(j)
1
)
G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.27)
Similar to the case of
〈
ΠII (t)
〉
or
, further simplification is possible. Due to the orthogonality
relations of the spherical harmonics, the term ~Elo · ~µ(k) does not contribute, while the term
~Elo · ~µ(j) gives
〈
ΠIII (t)
〉
or
=
i
9~3
Eloµ
(j)
k 6=j∑
j,k=A,B
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1G (t− τ3) L˜v (τ3) e−2D(k)(τ3−τ2)
×G (τ3 − τ2) L˜v (τ2) e−2D(j)(t−τ1)G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.28)
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Finally, we evaluate the last term
〈
ΠIV (t)
〉
or
. It can be written as
〈
ΠIV (t)
〉
or
=
i
~3
1
6
√
2π
k 6=j∑
j,k=A,B
×
∫
dΩ
(j)
2
∫
dΩ
(j)
1
∫
dΩ
(j)
0
∫
dΩ
(k)
1
∫
dΩ
(k)
0
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
× e−D(j)J2(t−τ3)
∑
ℓ,m
Yℓ,m
(
Ω
(j)
1
)
Y ⋆ℓ,m
(
Ω
(j)
2
)
Y1,0
(
Ω
(j)
1
)
G (t− τ3) L˜v (τ3)
× e−D(k)J2(t−τ2)
∑
ℓ′,m′
Yℓ′,m′
(
Ω
(k)
0
)
Y ⋆ℓ′,m′
(
Ω
(k)
1
)
Y1,0
(
Ω
(k)
0
)
G (τ3 − τ2) L˜v (τ2)
× e−D(j)J2(τ3−τ1)
∑
ℓ′′,m′′
Yℓ′′m′′
(
Ω
(j)
0
)
Y ⋆ℓ′′,m′′
(
Ω
(j)
1
)
Y1,0
(
Ω
(j)
0
)
G (τ2 − τ1) L˜v (τ1)ρ (t0)
(II.29)
Like in the case of calculating
〈
ΠIII (t)
〉
or
, we integrate over Ω
(j)
0 and Ω
(k)
0 first. Then, using
the definitions and properties of the spherical harmonics we obtain the expression
〈
ΠIV (t)
〉
or
=
i
~3
1
6
√
2π
k 6=j∑
j,k=A,B
∫
dΩ
(j)
2
∫
dΩ
(k)
1
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1 ~Elo · ~µ
×
[
1√
4π
Y ⋆0,0
(
Ω
(j)
2
)
+
1√
5π
e−6D
(j)(t−τ3)Y ⋆2,0
(
Ω
(j)
2
)]
G (t− τ3) L˜v (τ3) e−2D(k)(t−τ2)
× Y ⋆1,0
(
Ω
(k)
1
)
G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ3−τ1)G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.30)
Here, only ~Elo · ~µ(k) contributes. Integrating over Ω(k)1 and Ω(j)2 we have
〈
ΠIV (t)
〉
or
=
i
9~3
Eloµ
(k)
k 6=j∑
j,k=A,B
∫ t
t0
dτ3
∫ τ3
t0
dτ2
∫ τ2
t0
dτ1G (t− τ3) L˜v (τ3) e−2D(k)(t−τ2)
×G (τ3 − τ2) L˜v (τ2) e−2D(j)(τ3−τ1)G (τ2 − τ1) L˜v (τ1)ρ (t0) (II.31)
Equations (II.19), (II.25), (II.28), and (II.31) conclude the influence of the dipolar orienta-
tional average when an energy transfer process occurs between two molecules embedded in
a liquid solvent. In the following, these results will be applied to emphasize the peculiar role
of the polarization on vibrational energy transfer.
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III. VIBRATIONAL MOLECULAR MODEL AND DYNAMICS
In the model used in the present work, the material system interacting with the non-
linear optical fields is made of two molecules undergoing vibrational energy transfer. The
vibrational states involved may be two anharmonic vibration modes of the donor and accep-
tor molecules, respectively. They may also be vibrational combination states of individual
molecules. For simplicity, the first case will be considered. Thus, the energy transfer takes
place between two anharmonic vibration modes QA and QB, pertaining to molecules A and
B, respectively. The corresponding vibrational Hamiltonian can be expressed as
H =
∑
i=A,B
~Ωi
[
B+i Bi +
1
2
]
+W
(
B+i
3
,B3i , . . .
)
+
N∑
α=1
~ωα
[
b+αbα +
1
2
]
+
∑
i
[
∆i,1···NB
+
i b1 · · ·bN +∆⋆i,1···NBib+1 · · ·b+N
]
(III.1)
where B+i and Bi stand for the creation and annihilation operators of the molecular vibra-
tional modes and b+i and bi for the corresponding operators of the bath modes with ∆i,1···N
and ∆⋆i,1···N their corresponding coupling constants. The energy level scheme of this reduced
molecular space is shown in Fig. 1 where all γαβγδ are the transition rate constants assum-
ing a Markovian bath. Subsequently, the set of levels required for the description of the
|ga〉
Molecule A
|ea〉
|va〉
|gb〉
Molecule B
|eb〉
|vb〉
~µvaea γeaeavava
~µeaga γgagaeaea
~µvbeb
γebebvbvb
~µebgb
γgbgbebeb
γeavbeavbvaebvaeb
γvaebvaebeavbeavb
γgaebgaebeagbeagb
γeagbeagbgaebgaeb
FIG. 1. Molecular model used to study the polarization effects on the vibrational energy transfer
process. Dipole moments ~µ as well as intramolecular and intermolecular transition rate constants
γ are indicated in the figure. Notice that intermolecular transition constants involve simultaneous
transitions in molecules A and B.
two-molecule system are defined in Fig. 2. The possible decays between these two-molecule
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combination states are also presented with the wavy arrows. Specifically, the couplings in-
duced by the interaction Hamiltonian V (t) are represented by the diagram shown in Fig. 3.
It is worthy of noting that those coupling depicted in Fig. 3 correspond to all of the tran-
sitions drawn in Fig. 2 except that the transitions between states 2, 3 and between 7, 8
are not included, and that in Fig. 2 the couplings are bidrectional between initial and final
states, while those decays are unidirectional. Then, all the pathways participating in the
|1〉 = |gagb〉
|2〉 = |gaeb〉
|3〉 = |eagb〉
|4〉 = |gavb〉
|5〉 = |vagb〉
|6〉 = |eaeb〉
|7〉 = |eavb〉
|8〉 = |vaeb〉
|9〉 = |vavb〉
FIG. 2. The molecular model presented in the two-molecule combination state space. The wavy
arrows are transitions due to intra and inter-molecular interactions, and they are represented by
Γmmnn type of transtion rate constants in the text.
evaluation of the 2DIR spectrum and satisfying the rotating wave approximation are deter-
mined for the rephasing ~kre = −~ka + ~kb + ~kc and the non rephasing ~knre = −~kb + ~ka + ~kc
directions. They are listed in Supplement A according to whether laser field a or b acts in
the first, the second or the third interaction. The contributions of individual pathways are
calculated from the matrix elements of the evolution Liouvillians, interaction Liouvillians
and the additional dipole propagators. In the previous section we have already shown how
these contributions depend on the chronological ordering of the pulse-molecule interactions.
In practice, the integrands II→IV (t) of the heterodyne signal 〈ΠI→IV (t)〉
or
can be ex-
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|1〉
|2〉 |3〉
|4〉 |5〉|6〉
|7〉 |8〉
|9〉
µ ga
ea
µ
e
bv
b
µ ea
va
µ
e
bv
b
µ ga
ea
µ
g
be
b
µ
e
bv
b
µ ea
va
µ
g
be
b
µ ga
ea
µ
g
be
b
µ ea
va
FIG. 3. Diagram of the couplings between the states of the total molecular system. The coupling
are induced by the laser-molecule interaction. For clarity, the corresponding transition dipole
moments are labeled.
pressed in a general form:
II→IV (t) = i
~3
Qid (n, α, r, q, p) eK
id(n,α,r,q,p)teA
id(n,α,r,q,p)τ3eB
id(n,α,r,q)τ2eC
id(n,α,r)τ1
×Qor (n, β, r, q, p) eKor(n,β,r,q,p)teAor(n,β,r,q,p)τ3eBor(n,β,r,q)τ2eCor(n,β,r)τ1 (III.2)
Several comments would be valuable. First, the superscripts I through IV do not appear in
all of the constants A,B,C and K,Q. This is because a given pathway n contributes to only
one among the four heterodyne signals. It suffices to specify the pathway n, without requir-
ing any additional label. The constants Qid (n, α, r, q, p), K id (n, α, r, q, p), Aid (n, α, r, q, p),
Bid (n, α, r, q), and C id (n, α, r) resulting from the internal dynamics are evaluated for the
pathways listed in Supplement A and the results are shown in Supplement B. The other set
of constants Qorn,α,r,q,p, K
or
n,α,r,q,p, A
or
n,α,r,q,p, B
or
n,α,r,q, and C
or
n,α,r are associated with the orien-
tational average, and they are obtained with expressions (II.19), (II.25), (II.28) and (II.31).
The results are given Table I. All these constants are listed in Supplement C according to
the molecular sequences involved in the different pathways. Then, by introducing a new set
of constants
Q (n, α, β, r, q, p) = Qid (n, α, r, q, p)Qor (n, β, r, q, p)
K (n, α, β, r, q, p) = K id (n, α, r, q, p)Kor (n, β, r, q, p)
A (n, α, β, r, q, p) = Aid (n, α, r, q, p)Aor (n, β, r, q, p)
B (n, α, β, r, q) = Bid (n, α, r, q)Bor (n, β, r, q)
C (n, α, β, r) = C id (n, α, r)Cor (n, β, r) (III.3)
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〈
ΠI→IV (t)
〉
or
j k β Qorn,α,r,q,p K
or
n,α,r,q,p A
or
n,α,r,q,p B
or
n,α,r,q C
or
n,α,r〈
ΠI (t)
〉
or
A 1 Eloµ
(a)/9 −2D(a) 2D(a) −2D(a) 2D(a)
2 4Eloµ
(a)/45 −2D(a) −4D(a) 4D(a) 2D(a)
B 1 Eloµ
(b)/9 −2D(b) 2D(b) −2D(b) 2D(b)
2 4Eloµ
(b)/45 −2D(b) −4D(b) 4D(b) 2D(b)〈
ΠII (t)
〉
or
A B 1 Eloµ
(b)/9 −2D(b) 2D(b) −2D(a) 2D(a)
B A 1 Eloµ
(a)/9 −2D(a) 2D(a) −2D(b) 2D(b)〈
ΠIII (t)
〉
or
A B 1 Eloµ
(a)/9 −2D(a) −2D(b) 2D(b) 2D(a)
B A 1 Eloµ
(b)/9 −2D(b) −2D(a) 2D(a) 2D(b)〈
ΠIV (t)
〉
or
A B 1 Eloµ
(b)/9 −2D(b) −2D(a) 2D(b) 2D(a)
B A 1 Eloµ
(a)/9 −2D(a) −2D(b) 2D(a) 2D(b)
TABLE I. Rotational constants participating in the dynamics, formally described by (III.2).
the formal expressions (III.2) can be rewritten as
II→IV (t) = i
~3
Q (n, α, β, r, q, p) eK(n,α,β,r,q,p)teA(n,α,β,r,q,p)τ3eB(n,α,β,r,q)τ2eC(n,α,β,r)τ1 (III.4)
Besides, a complete evaluation of these constants requires the description of the free popula-
tion evolutions satisfying the equation dρ (t) /dt = −Γρ (t). These populations are evaluated
through diagonalizing the damping Liouvillian Γ associated with the model introduced in
Fig. 1. It consists of diagonal elements Γmmmm except that for the ground state Γ1111 = 0,
together with the Γmmnn terms presented in Fig. 2.
Γ =


0 Γ1122 Γ1133 0 0 0 0 0 0
0 Γ2222 Γ2233 Γ2244 0 Γ2266 0 0 0
0 Γ3322 Γ3333 0 Γ3355 Γ3366 0 0 0
0 0 0 Γ4444 0 0 Γ4477 0 0
0 0 0 0 Γ5555 0 0 Γ5588 0
0 0 0 0 0 Γ6666 Γ6677 Γ6688 0
0 0 0 0 0 0 Γ7777 Γ7788 Γ7799
0 0 0 0 0 0 Γ8877 Γ8888 Γ8899
0 0 0 0 0 0 0 0 Γ9999


(III.5)
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From the sum rule Γmmmm = −
∑
n 6=mΓnnmm, the various total decay rates can be rewritten
in terms of the individual molecular constants shown in Table II.
Γ2222 = γebebebeb Γ3333 = γeaeaeaea Γ4444 = γvbvbvbvb
Γ5555 = γvavavava Γ6666 = γeaeaeaea + γebebebeb Γ7777 = γeaeaeaea + γvbvbvbvb
Γ8888 = γvavavava + γebebebeb Γ9999 = Γvavavava + γvbvbvbvb
TABLE II. Expressions of the decay rate constants of the total vibrational molecular system in
terms of the individual molecular constants.
We still need the expressions for the transition constants in terms of the individual molec-
ular constants. They are shown in Table III. Notice that the diagonal matrix elements in
Eq. (III.5) are given in Table II. Besides, the vanishing matrix elements in Eq. (III.5) are
not shown in Table III, for brevity.
Γ1122 = γgbgbebeb Γ1133 = γgagaeaea
Γ2233 = γgaebgaebeagbeagb Γ2244 = γebebvbvb Γ2266 = γgagaeaea
Γ3322 = γeagbeagbgaebgaeb Γ3355 = γeaeavava Γ3366 = γgbgbebeb
Γ4477 = γgagaeaea
Γ5588 = γgbgbebeb
Γ6677 = γebebvbvb Γ6688 = γeaeavava
Γ7788 = γeavbeavbvaebvaeb Γ7799 = γeaeavava
Γ8877 = γvaebvaebeavbeavb Γ8899 = γebebvbvb
TABLE III. Relation between transition rate constants of the total system and transition rate
constants of the individual molecules.
Finally, the energy transfer constants satisfy detailed balance so that
γmmnn = γnnmm exp [(En − Em) /kT ] if m = eagb, n = gaeb
γppqq = γqqpp exp [(Eq −Ep) /kT ] if p = vaeb, q = eavb . (III.6)
and are related to the individual rates constants as expressed in Table IV. With the param-
eters given in Table I through IV, we have all that we need for performing the numerical
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γvavavava = −γeavbeavbvaebvaeb − γeaeavava γvbvbvbvb = −γvaebvaebeavbeavb − γebvbvbvb
γeaeaeaea = −γgaebgaebeagbeagb − γgagaeaea γebebebeb = −γeagbeagbgaebgaeb − γgbgbebeb
γgagagaga = γgbgbgbgb = 0
TABLE IV. Relation between energy tranfer rate constants and transition rate constants for the
individual molecules.
simulations to illustrate the influence of the polarization on the 2DIR spectra, starting from
our analytical results.
IV. NUMERICAL SIMULATIONS AND QUANTITATIVE ANALYSIS OF
THE POLARIZATION EFFECTS
In this section, we present numerical simulations that illustrate the influence of the polar-
ization on the 2DIR molecular spectra of a system undergoing vibrational energy transfer.
To this end, the properties of the local oscillator (LO) field involve only in heterodyne detec-
tion but not in the molecular and nonlinear optical processes should be kept constant and
made as simple as possible. The phase Ψ of the LO field is chosen to be zero. Besides, other
environmental factores and the properties of the other laser fields have definite influence on
the simulated experimental results, but not on the nature of the effects we are investigating.
Therefore, they are chosen to be rather realistic while suitable for demonstrating the effect
under discussion. All laser field amplitudes are normalized to 1 and their pulse durations
are equal to 55 fs. The temperature of the system is assumed to be T = 25 ◦C.
The parameters of the molecular system are more substantial but most of them should
also be fixed in order to simplify the discussion. The energy levels of the molecules are
ωga = ωgb = 0, ωea = 810 cm
−1, ωeb = 730 cm
−1, ωva = 1480 cm
−1 and ωvb = 1380 cm
−1.
(Figure 1 is plotted to scale.) The values of the relaxation and dephasing constants are
also fixed. For the total decay rates we have chosen γeaeaeaea = 4 cm
−1, γvavavava = 6 cm
−1,
γebebebeb = 3 cm
−1 and γvbvbvbvb = 5 cm
−1. The transition constants for vibrational energy
transfer are chosen to be γeavbeavbvaebvaeb = 2.5 cm
−1, γgaebgaebeagbeagb = 2.5 cm
−1 and their
reverse constants are deduced from Eqs. (III.6). All the other transition constants are
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straightforwardly obtained from the sum rules and can be evaluated by using Tables II, III
and IV. All of the dephasing constants are set to γpd = 3 cm
−1. Finally, in Table V, we
summarized the expressions of the dipole moments of the total molecular system in terms of
the dipole moments of the individual molecules. Notice that all the other matrix elements
not indicated in Table V cancel.
〈1 |µ| 2〉 = 〈gb |µ| eb〉 〈1 |µ| 3〉 = 〈ga |µ| ea〉
〈1 |µ| 6〉 = 〈ga |µ| ea〉 〈gb|eb〉+ 〈ga|ea〉 〈gb |µ| eb〉
〈2 |µ| 3〉 = 〈ga |µ| ea〉 〈eb|gb〉+ 〈ga|ea〉 〈eb |µ| gb〉 〈2 |µ| 4〉 = 〈eb |µ| vb〉
〈2 |µ| 7〉 = 〈ga |µ| ea〉 〈eb|vb〉+ 〈ga|ea〉 〈eb |µ| vb〉 〈2 |µ| 6〉 = 〈ga |µ| ea〉
〈3 |µ| 5〉 = 〈ea |µ| va〉 〈3 |µ| 6〉 = 〈gb |µ| eb〉
〈3 |µ| 8〉 = 〈ea |µ| va〉 〈gb|eb〉+ 〈ea|va〉 〈gb |µ| eb〉
〈4 |µ| 6〉 = 〈ga |µ| ea〉 〈vb|eb〉+ 〈ga|ea〉 〈vb |µ| eb〉 〈4 |µ| 7〉 = 〈ga |µ| ea〉
〈5 |µ| 6〉 = 〈va |µ| ea〉 〈gb|eb〉+ 〈va|ea〉 〈gb |µ| eb〉 〈5 |µ| 8〉 = 〈gb |µ| eb〉
〈6 |µ| 7〉 = 〈eb |µ| vb〉 〈6 |µ| 8〉 = 〈ea |µ| va〉
〈6 |µ| 9〉 = 〈ea |µ| va〉 〈eb|vb〉+ 〈ea|va〉 〈eb |µ| vb〉
〈7 |µ| 8〉 = 〈ea |µ| va〉 〈vb|eb〉+ 〈ea|va〉 〈vb |µ| eb〉 〈7 |µ| 9〉 = 〈ea |µ| va〉
〈8 |µ| 9〉 = 〈eb |µ| vb〉
TABLE V. Relation between dipole moments of the total system and individual dipole moments.
The simulations presented below enable us to discuss the polarization effects, resulting
from the rotational diffusion of donor and acceptor of an energy transfer process, on the 2DIR
spectra. We mainly focus our simulations on the frequency range related to the vibrational
energy transfer between the two lowest vibrational excited states.
The first set of simulations are shown in Fig. 4. The three panels in the first row corre-
spond to the cases where the laser field a for the rephasing signal or b for the non-rephasing
signal act as the first interaction. The second and third rows are dedicated to cases where
they act as the second or the third interactions, respectively. As indicated inside the panels,
the three panels in the same row correspond to increasing values of the rotational diffusion
constant of the molecule A, from left to right. Comparing the panels in the same row, a
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FIG. 4. The simulated 2DIR spectra when the laser field a (rephasing term) or b (non-rephasing
term) acts as the first, the second or the third interaction. They correspond to the first, the second
or the third row of panels, respectively. The waiting time between the two last interacting laser
pulses, defined after Eq. (II.5), corresponds to T = 10 ps. The frequencies of the exciting laser
pulses are identical and correspond to ωa = ωb = ωc = 770 cm
−1 .
gradual smoothing of the peak structure can be observed, and this trend is more pronounced
for the upper diagonal peak and cross peak. Since the effect is due to the increase of the
rotational diffusion constant of molecule A, the upper peaks are more strongly influenced
because the internal dynamics of molecule A plays a more relevant role in the building up
of these peaks. This observation is also true for the other cases (row 2 and 3). In addition,
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in the third row, there is no diagonal peaks in all panels because only coherences contribute
in this case when fields a or b act as the third interaction. This can be seen in Supplement
A and B. Notice that the main axes of the contour lines of all the peaks in the panels in the
upper row are rotated by π/2 with respect to those corresponding main axes in the second
and third rows.
FIG. 5. 2DIR spectra simulated with different waiting time T as marked inside each panel. The
frequencies of the exciting laser pulses are fixed at ωa = ωb = ωc = 770 cm
−1 to couple both
transitions |ga〉 → |ea〉 and |gb〉 → |eb〉. The rotational diffusion constants are equal to Da = Db =
1 rad2/ps.
Next, in Fig.5, we present the 2DIR spectra for increasing waiting times, ranging from 2
to 40 picoseconds. A global decrease of the diagonal and cross peaks with increasing waiting
time is observed, as expected. In these four simulation, the rotational diffusion constants are
fixed. Therefore, the stronger damping observed in the upper diagonal and cross peaks can
only be attributed to the vibrational energy transfer which is more efficient for transition
from molecule A to B than that from B to A.
The next thing to further investigate is the dependence of the 2DIR spectra on the
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rotational diffusion constants of molecules A and B. In Fig. 6, we present the simulated
FIG. 6. Two-dimensional spectra obtained for different rotational diffusion constants of molecule
A. The waiting time corresponds to T=10 ps and the frequencies of the various laser pulses are
chosen as ωa = ωb = ωc = 770 cm
−1.
spectra with different Da values but with constant Db value. The values are marked inside
each panel. When Da = 1, both diagonal peaks and both cross peaks are clearly observed.
When Da is increased to an intermediate value, say 3 as in the middle panel, a significant
decrease of the upper cross and diagonal peaks can be noticed. For even faster diffusion, say
Da = 7 as in the right panel, these peaks are completely washed-out. To better visualize
these variations, we plot the peak heights as a function of Da. From Fig. 7, we see that
lower peaks (1) and (3) have similar dependence, while upper peaks (2) and (4) share another
trend. The function forms of thetwo trends are not much different, although the upper peaks
diminish with increasing Da more rapidly than do the lower peaks.
Finally, in Fig. 8, analogous simulations with different values of Db and fixed value of
Da are presented. Features similar to those of the previous case are observed, but the
trends of the upper and lower peaks are reversed. The changes in the heights of the upper
diagonal and cross peaks are much less pronounced among these cases, while the heights of
the lower peaks are now significantly reduced with increasing Db. Obviously, this is because
the internal dynamics of molecule B plays a more important role in the building up of the
lower peaks and it has much weaker effects on the upper peaks. We also plot the peak
heights as functions of Db in Fig. 9. This time, the heights of the lower peaks in Fig. 8
decrease much more rapidly with increasing value of Db than the heights of the upper peaks
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FIG. 7. Dependence of the peak heights with the rotational diffusion constant Da. Peaks (1) and
(3) exhibit similar variations and the same is true for peaks (2) and (4).
FIG. 8. Simulated 2DIR spectra with different values of Db and a fixed value of Da. Other
parameters used are identical to the ones used in the previous simulations.
do. A crossing over of the relative heights can be seen.
V. CONCLUSION
In this work, we have attempted to tease out the influence of the polarization effects on
intermolecular vibrational energy transfer. In the case of intermolecular processes monitored
with 2DIR spectroscopy, the donor and acceptor molecules usually have different rotational
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FIG. 9. Dependence of the peak heights on the rotational diffusion constant Db.
diffusion constants. Then, it is important to understand how the relative values of their
rotational diffusion constants affect the resulting 2DIR spectra which supposed to help
identify and characterize the intermolecular vibrational energy transfer. Variations of the
peak heights reflect the interplay between the donor and acceptor molecules participating
in the process.
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Supplement A: Pathways contributing to the 2DIR spectrum
In this supplement section, we list the pathways contributing to the 2DIR spectra of the
molecules undergoing intermolecular vibrational energy transfer with heterodyne detection
in the directions ~ks = −~ka+~kb+~kc and ~ks = −~kb+~ka+~kc. Only pathways satisfying the ro-
tating wave approximation are retained. There are totally 66 of them. The superscripts (±)
indicate the directions
(
±~kj
)
with j = a, b, c. In the following tables, the 66 pathways were
separated into three tables, according to whether the field a or b acts in the first, the second
and the third interaction terms. Both rephasing and non-rephasing geometries were con-
sidered. Since each pathway contributes to a specific term among those heterodyne signals〈
ΠX,IJK (t)
〉
or
, in the last column, the parameters X and IJK corresponding to that pathway
are shown. Notice that X runs from I to IV while the molecular interaction sequences IJK
belongs to the set {AAA,AAB,ABA, · · · ,BBB,BBA,BAB, · · · }. In all three tables, the
second column is the index of the density matrix element of the final sate of the specific
pathway. The ninth column is the index of the density matrix element of the initial state.
In all of the pathways studied, the initial states are the same state. In column 8, 6 and 4,
system-laser interactions probably change the population or the coherence of the system. In
column 8 of row 1, for example, the index 1211 indicates that the photon interrupt the initial
population in ground state to form a coherence between the ground state (|1〉) and one of
the excited state (|2〉). The processes in column 3, 5 and 7 are propagations of the system
itself. In the pathways studied in this work, these are either the sustain of the coherence
(say the coherence 21, in column 7 of row 1 of Table. S.I), or the decay of population (say
the decay from population 22 to population 33 in column 5 of row 4 of Table. S.I). Thus, in
each pathway (row), the state (population or coherence) of the system propagates in time
from column 9 to column 8, then to column 7, and so on, until column 2, following the
change of the index of the density matrix element. Some of the cells are left empty, if the
content of it is the same as the cell above it.
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TABLE S.I: Pathways participating in the 2DIR spectrum of the intermolecular vibra-
tional energy transfer with the field a or b acting as the first interaction term. In columns
5 through 9, an empty cell means that its value is the same as the last non-empty cell
above it in the same column.
Path ρ (t) G (t− τ3) Lv[p] (τ3) G (τ3 − τ2) Lv[q] (τ2) G (τ2 − τ1) Lv[a,b] (τ1) ρ (t0) Mol. dipoles X,IJK
1 21 2121 2122(+) 2222 2212(+) 1212 1211(−) 11 ~µebgb~µebgb~µgbeb I,BBB
2 42 4242 4222(+) ~µvbeb~µebgb~µgbeb I,BBB
3 62 6262 6222(+) ~µeaga~µebgb~µgbeb II,ABB
4 31 3131 3133(+) 3322 ~µeaga~µebgb~µgbeb II,ABB
5 63 6363 6333(+) ~µebgb~µebgb~µgbeb I,BBB
6 53 5353 5333(+) ~µvaea~µebgb~µgbeb II,ABB
7 21 2121 2111(+) 1122 ~µebgb~µebgb~µgbeb I,BBB
8 31 3131 3111(+) ~µeaga~µebgb~µgbeb II,ABB
9 31 3131 3132(+) 3232 3212(+) ~µebgb~µeaga~µgbeb IV,BAB
10 62 6262 6232(+) ~µebgb~µeaga~µgbeb IV,BAB
11 52 5252 5232(+) ~µvaea~µeaga~µgbeb III,AAB
12 21 2121 2111(+) 1111 1112(+) ~µebgb~µebgb~µgbeb I,BBB
13 31 3131 3111(+) ~µeaga~µebgb~µgbeb II,ABB
14 31 3131 3133(+) 3333 3313(+) 1313 1311(−) ~µeaga~µeaga~µgaea I,AAA
15 63 6363 6333(+) ~µebgb~µeaga~µgaea II,BAA
16 53 5353 5333(+) ~µvaea~µeaga~µgaea I,AAA
17 21 2121 2122(+) 2233 ~µebgb~µeaga~µgaea II,BAA
18 42 4242 4222(+) ~µvbeb~µeaga~µgaea II,BAA
19 62 6262 6222(+) ~µeaga~µeaga~µgaea I,AAA
20 21 2121 2111(+) 1133 ~µebgb~µeaga~µgaea II,BAA
21 31 3131 3111(+) ~µeaga~µeaga~µgaea I,AAA
22 21 2121 2111(+) 1111 1113(+) ~µebgb~µeaga~µgaea II,BAA
23 31 3131 3111(+) ~µeaga~µeaga~µgaea I,AAA
24 21 2121 2123(+) 2323 2313(+) ~µeaga~µebgb~µgaea IV,ABA
25 43 4343 4323(+) ~µvbeb~µebgb~µgaea III,BBA
26 63 6363 6323(+) ~µeaga~µebgb~µgaea IV,ABA
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TABLE S.II: Pathways participating in the 2DIR spectrum of the intermolecular en-
ergy transfer process with the field a or b acting in the second interaction term. Other
quantities are the same like in previous table.
Path ρ (t) G (t− τ3) Lv[p] (τ3) G (τ3 − τ2) Lv[a,b] (τ2) G (τ2 − τ1) Lv[r] (τ1) ρ (t0) Mol. dipoles X,IJK
27 21 2121 2123(+) 2323 2321(−) 2121 2111(+) 11 ~µeaga~µgaea~µebgb III,AAB
28 43 4343 4323(+) ~µvbeb~µgaea~µebgb IV,BAB
29 63 6363 6323(+) ~µeaga~µgaea~µebgb III,AAB
30 21 2121 2122(+) 2222 2221(−) ~µebgb~µgbeb~µebgb I,BBB
31 42 4242 4222(+) ~µvbeb~µgbeb~µebgb I,BBB
32 62 6262 6222(+) ~µeaga~µgbeb~µebgb II,ABB
33 31 3131 3133(+) 3322 ~µeaga~µgbeb~µebgb II,ABB
34 63 6363 6333(+) ~µebgb~µgbeb~µebgb I,BBB
35 53 5353 5333(+) ~µvaea~µgbeb~µebgb II,ABB
36 21 2121 2111(+) 1122 ~µebgb~µgbeb~µebgb I,BBB
37 31 3131 3111(+) ~µeaga~µgbeb~µebgb II,ABB
38 21 2121 2111(+) 1111 1121(−) ~µebgb~µgbeb~µebgb I,BBB
39 31 3131 3111(+) ~µeaga~µgbeb~µebgb II,ABB
40 31 3131 3133(+) 3333 3331(−) 3131 3111(+) ~µeaga~µgaea~µeaga I,AAA
41 63 6363 6333(+) ~µebgb~µgaea~µeaga II,BAA
42 53 5353 5333(+) ~µvaea~µgaea~µeaga I,AAA
43 21 2121 2122(+) 2233 ~µebgb~µgaea~µeaga II,BAA
44 42 4242 4222(+) ~µvbeb~µgaea~µeaga II,BAA
45 62 6262 6222(+) ~µeaga~µgaea~µeaga I,AAA
46 21 2121 2111(+) 1133 ~µebgb~µgaea~µeaga II,BAA
47 31 3131 3111(+) ~µeaga~µgaea~µeaga I,AAA
48 31 3131 3132(+) 3232 3231(−) ~µebgb~µgbeb~µeaga III,BBA
49 62 6262 6232(+) ~µebgb~µgbeb~µeaga III,BBA
50 52 5252 5232(+) ~µvaea~µgbeb~µeaga IV,ABA
51 21 2121 2111(+) 1111 1131(−) ~µebgb~µgaea~µeaga II,BAA
52 31 3131 3111(+) ~µeaga~µgaea~µeaga I,AAA
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TABLE S.III: Pathways participating in the 2DIR spectrum of the intermolecular energy
transfer process with the field a or b acting in the third interaction term. Other quantities
are the same like in previous tables.
Path ρ (t) G (t− τ3) Lv[a,b] (τ3) G (τ3 − τ2) Lv[q] (τ2) G (τ2 − τ1) Lv[r] (τ1) ρ (t0) Mol. dipoles X,IJK
53 21 2121 2141(−) 4141 4121(+) 2121 2111(+) 11 ~µebvb~µvbeb~µebgb I,BBB
54 42 4242 4241(−) ~µgbeb~µvbeb~µebgb I,BBB
55 43 4343 4341(−) ~µgaea~µvbeb~µebgb II,ABB
56 21 2121 2161(−) 6161 6121(+) ~µgaea~µeaga~µebgb III,AAB
57 31 3131 3161(−) ~µgbeb~µeaga~µebgb IV,BAB
58 62 6262 6251(−) ~µgbeb~µeaga~µebgb IV,BAB
59 63 6363 6361(−) ~µgaea~µeaga~µebgb III,AAB
60 31 3131 3151(−) 5151 5131(+) 3131 3111(+) ~µeava~µvaea~µeaga I,AAA
61 52 5252 5251(−) ~µgbeb~µvaea~µeaga II,BAA
62 53 5353 5351(−) ~µgaea~µvaea~µeaga I,AAA
63 21 2121 2161(−) 6161 6131(+) ~µgaea~µebgb~µeaga IV,ABA
64 31 3131 3161(−) ~µgbeb~µebgb~µeaga III,BBA
65 62 6262 6261(−) ~µgbeb~µebgb~µeaga III,BBA
66 63 6363 6361(−) ~µgaea~µebgb~µeaga IV,ABA
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Supplement B: Constants associated with the internal dynamics
In Equation (III.2), the integrands of the Factors contributing to the individual path-
ways presented in Supplement A, and participating in the 2DIR spectra of the molecules
undergoing the vibrational energy transfer, are expressed in terms of some constants. In
this supplement, the constants accounting for the internal dynamical associated with the
rephasing contribution are presented. The corresponding constants associated with the
non-rephasing terms can be deduced straightforwardly. Notice that we have introduced
the simplifying notation Ξpqrij,kl,mn = EpEqErµijµklµmn. For simplicity we have introduced
the formal decomposition G(τ3 − τ2) =
∑
αW
iijj
α exp {rα (τ3 − τ2)}. In the tables of this
supplement, W iijjα and rα are used in the expressions.
The expressions Qid, K id, Aid, Bid and C id depend on all or some of the parameters
n, α, r, p and q, defined in the text. Except for Qid, these quantities are rather simply
expressed in terms of molecular parameters. C id, for example, has very simple dependence
on its parameters. Among the 66 pathways considered, there are only 6 different values
of C id For brevity, these quantities are arranged into six separate tables. The first and
second table contain pathways n = 1 through n = 26. They correspond to the pathways
in Table S.I. Further, The first table contains pathways n = 1 through n = 13, and the
second table contains pathways n = 14 through n = 26. The C id values of all 13 pathways
in the Table S.IV equal iω12 + Γ1212 + iωa, while in Table S.V all of the pathways have
C id = iω13 + Γ1313 + iωa.
By separating the pathways this way, it can be seen that Aid and Bid values of the
pathways in the same table also share common terms. In the tables, we explicitly take out
the common terms among these values to make the table more concise. These can be easily
seen in the tables themselves.
The third through sixth tables of this section are compiled in the same manner, which
will be apparent by comparing them to the explanation given to Tables S.IV and S.V in
the previous paragraph. Table S.VI and S.VII are related to pathways in Table S.II, while
Table S.VIII and Table S.IX correspond to pathways in Table S.III.
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TABLE S.IV: The constants contributing to the calculation of the integrands of pathways,
as explained at the beginning of this section. In this table, all of the pathways have
C id (n, α, r) = iω12+Γ1212+ iωa. All of the B
id (n, α, r, q) constants have common terms
−iωq − Γ1212, and all of the Aid (n, α, r, q, p) constant have a common term −iωp.
n Qid (n, α, r, q, p) K id (n, α, r, q, p) Aid (n, α, r, q, p) + iωp B
id (n, α, r, q) + iωq + Γ1212
1 −W 2222α Ξpqaebgb,ebgb,gbeb −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω12
2 W 2222α Ξ
pqa
vbeb,ebgb,gbeb −iω42 − Γ4242 iω42 + Γ4242 + rα −rα − iω12
3 W 2222α Ξ
pqa
eaga,ebgb,gbeb −iω62 − Γ6262 iω62 + Γ6262 + rα −rα − iω12
4 −W 3322α Ξpqaeaga,ebgb,gbeb −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω12
5 W 3322α Ξ
pqa
ebgb,ebgb,gbeb −iω63 − Γ6363 iω63 + Γ6363 + rα −rα − iω12
6 W 3322α Ξ
pqa
vaea,ebgb,gbeb −iω53 − Γ5353 iω53 + Γ5353 + rα −rα − iω12
7 W 1122α Ξ
pqa
ebgb,ebgb,gbeb −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω12
8 W 1122α Ξ
pqa
eaga,ebgb,gbeb −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω12
9 −Ξpqaebgb,eaga,gbeb −iω31 − Γ3131 iω21 + Γ3131 − Γ3232 iω31 + Γ3232
10 Ξpqaebgb,eaga,gbeb −iω62 − Γ6262 iω63 + Γ6262 − Γ3232 iω31 + Γ3232
11 Ξpqavaea,eaga,gbeb −iω52 − Γ5252 iω53 + Γ5252 − Γ3232 iω31 + Γ3232
12 −Ξpqaebgb,ebgb,gbeb −iω21 − Γ2121 iω21 + Γ2121 −iω12
13 −Ξpqaeagaebgbgbeb −iω31 − Γ3131 iω31 + Γ3131 −iω12
TABLE S.V: The constants contributing to the calculation of the integrands of pathways,
as explained at the beginning of this section. In this table, all of the pathways have
C id (n, α, r) = iω13+Γ1313+ iωa. All of the B
id (n, α, r, q) constants have common terms
−iωq − Γ1313, and all of the Aid (n, α, r, q, p) constant have a common term −iωp.
n Qid (n, α, r, q, p) K id (n, α, r, q, p) Aid (n, α, r, q, p) + iωp B
id (n, α, r, q) + iωq + Γ1313
14 −W 3333α Ξpqaeaga,eaga,gaea −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω13
15 W 3333α Ξ
pqa
ebgb,eaga,gaea −iω63 − Γ6363 iω63 + Γ6363 + rα −rα − iω13
16 W 3333α Ξ
pqa
vaea,eaga,gaea −iω53 − Γ5353 iω53 + Γ5353 + rα −rα − iω13
17 −W 2233α Ξpqaebgb,eaga,gaea −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω13
18 W 2233α Ξ
pqa
vbeb,eaga,gaea −iω42 − Γ4242 iω42 + Γ4242 + rα −rα − iω13
19 W 2233α Ξ
pqa
eaga,eaga,gaea −iω62 − Γ6262 iω62 + Γ6262 + rα −rα − iω13
20 W 1133α Ξ
pqa
ebgb,eaga,gaea −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω13
21 W 1133α Ξ
pqa
eaga,eaga,gaea −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω13
22 −Ξpqaebgb,eaga,gaea −iω21 − Γ2121 iω21 + Γ2121 −iω13
23 −Ξpqaeaga,eaga,gaea −iω31 − Γ3131 iω31 + Γ3131 −iω13
24 −Ξpqaeaga,ebgb,gaea −iω21 − Γ2121 iω31 + Γ2121 − Γ2323 iω21 + Γ2323
25 Ξpqavbeb,ebgb,gaea −iω43 − Γ4343 iω42 + Γ4343 − Γ2323 iω21 + Γ2323
26 Ξpqaeaga,ebgb,gaea −iω63 − Γ6363 iω62 + Γ6363 − Γ2323 iω21 + Γ2323
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TABLE S.VI: The constants contributing to the calculation of the integrands of pathways,
as explained at the beginning of this section. In this table, all of the pathways have
C id (n, α, r) = iω21+Γ2121− iωr. All of the Bid (n, α, r, q) constants have common terms
iωa − Γ2121, and all of the Aid (n, α, r, q, p) constant have a common term −iωp.
n Qid (n, α, r, q, p) K id (n, α, r, q, p) Aid (n, α, r, q, p) + iωp B
id (n, α, r, q) − iωa + Γ2121
27 −Ξpareaga,gaea,ebgb −iω21 − Γ2121 iω31 + Γ2121 − Γ2323 iω13 + Γ2323
28 Ξparvbeb,gaea,ebgb −iω43 − Γ4343 iω42 + Γ4343 − Γ2323 iω13 + Γ2323
29 Ξpareaga,gaea,ebgb −iω63 − Γ6363 iω62 + Γ6363 − Γ2323 iω13 + Γ2323
30 −W 2222α Ξparebgb,gbeb,ebgb −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω21
31 W 2222α Ξ
par
vbeb,gbeb,ebgb −iω42 − Γ4242 iω42 + Γ4242 + rα −rα − iω21
32 W 2222α Ξ
par
eaga,gbeb,ebgb −iω62 − Γ6262 iω62 + Γ6262 + rα −rα − iω21
33 −W 3322α Ξpareaga,gbeb,ebgb −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω21
34 W 3322α Ξ
par
ebgb,gbeb,ebgb −iω63 − Γ6363 iω63 + Γ6363 + rα −rα − iω21
35 W 3322α Ξ
par
vaea,gbeb,ebgb −iω53 − Γ5353 iω53 + Γ5353 + rα −rα − iω21
36 W 1122α Ξ
par
ebgb,gbeb,ebgb −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω21
37 W 1122α Ξ
par
eaga,gbeb,ebgb −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω21
38 −Ξparebgb,gbeb,ebgb −iω21 − Γ2121 iω21 + Γ2121 −iω21
39 −Ξpareaga,gbeb,ebgb −iω31 − Γ3131 iω31 + Γ3131 −iω21
TABLE S.VII: The constants contributing to the calculation of the integrands of path-
ways, as explained at the beginning of this section. In this table, all of the pathways
have C id (n, α, r) = iω31 + Γ3131 − iωr. All of the Bid (n, α, r, q) constants have common
terms iωa − Γ3131, and all of the Aid (n, α, r, q, p) constant have a common term −iωp.
n Qid (n, α, r, q, p) K id (n, α, r, q, p) Aid (n, α, r, q, p) + iωp B
id (n, α, r, q) + iωq + Γ3131
40 −W 3333α Ξpareaga,gaea,eaga −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω31
41 W 3333α Ξ
par
ebgb,gaea,eaga −iω63 − Γ6363 iω63 + Γ6363 + rα −rα − iω31
42 W 3333α Ξ
par
vaea,gaea,eaga −iω53 − Γ5353 iω53 + Γ5353 + rα −rα − iω31
43 −W 2233α Ξparebgb,gaea,eaga −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω31
44 W 2233α Ξ
par
vbeb,gaea,eaga −iω42 − Γ4242 iω42 + Γ4242 + rα −rα − iω31
45 W 2233α Ξ
par
eaga,gaea,eaga −iω62 − Γ6262 iω62 + Γ6262 + rα −rα − iω31
46 W 1133α Ξ
par
ebgb,gaea,eaga −iω21 − Γ2121 iω21 + Γ2121 + rα −rα − iω31
47 W 1133α Ξ
par
eaga,gaea,eaga −iω31 − Γ3131 iω31 + Γ3131 + rα −rα − iω31
48 −Ξparebgb,gbeb,eaga −iω31 − Γ3131 iω21 + Γ3131 − Γ3232 iω12 + Γ3232
49 Ξparebgb,gbeb,eaga −iω62 − Γ6262 iω63 + Γ6262 − Γ3232 iω12 + Γ3232
50 Ξparvaea,gbeb,eaga −iω52 − Γ5252 iω53 + Γ5252 − Γ3232 iω12 + Γ3232
51 −Ξparebgb,gaea,eaga −iω21 − Γ2121 iω21 + Γ2121 −iω31
52 −Ξpareaga,gaea,eaga −iω31 − Γ3131 iω31 + Γ3131 −iω31
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TABLE S.VIII: The constants contributing to the calculation of the integrands of path-
ways, as explained at the beginning of this section. In this table, all of the pathways
have C id (n, α, r) = iω21 + Γ2121 − iωr. All of the Bid (n, α, r, q) constants have common
terms −iωq − Γ2121, and all of the Aid (n, α, r, q, p) constant have a common term iωa.
n Qid (n, α, r, q, p) K id (n, α, r, q, p) Aid (n, α, r, q, p) − iωa Bid (n, α, r, q) + iωq + Γ2121
53 −Ξaqrebvb,vbeb,ebgb −iω21 − Γ2121 iω24 + Γ2121 − Γ4141 iω42 + Γ4141
54 Ξaqrgbeb,vbeb,ebgb −iω42 − Γ4242 iω12 + Γ4242 − Γ4141 iω42 + Γ4141
55 Ξaqrgaea,vbeb,ebgb −iω43 − Γ4343 iω13 + Γ4343 − Γ4141 iω42 + Γ4141
56 −Ξaqrgaea,eaga,ebgb −iω21 − Γ2121 iω26 + Γ2121 − Γ6161 iω62 + Γ6161
57 −Ξaqrgbeb,eaga,ebgb −iω31 − Γ3131 iω36 + Γ3131 − Γ6161 iω62 + Γ6161
58 Ξaqrgbeb,eaga,ebgb −iω62 − Γ6262 iω12 + Γ6262 − Γ6161 iω62 + Γ6161
59 Ξaqrgaea,eaga,ebgb −iω63 − Γ6363 iω13 + Γ6363 − Γ6161 iω62 + Γ6161
TABLE S.IX: The constants contributing to the calculation of the integrands of pathways,
as explained at the beginning of this section. In this table, all of the pathways have
C id (n, α, r) = iω31+Γ3131− iωr. All of the Bid (n, α, r, q) constants have common terms
−iωq − Γ3131, and all of the Aid (n, α, r, q, p) constant have a common term iωa.
n Qid (n, α, r, q, p) K id (n, α, r, q, p) Aid (n, α, r, q, p) − iωa Bid (n, α, r, q) + iωq + Γ3131
60 −Ξaqreava,vaea,eaga −iω31 − Γ3131 iω35 + Γ3131 − Γ5151 iω53 + Γ5151
61 Ξaqrgbeb,vaea,eaga −iω52 − Γ5252 iω12 + Γ5252 − Γ5151 iω53 + Γ5151
62 Ξaqrgaea,vaea,eaga −iω53 − Γ5353 iω13 + Γ5353 − Γ5151 iω53 + Γ5151
63 −Ξaqrgaea,ebgb,eaga −iω21 − Γ2121 iω26 + Γ2121 − Γ6161 iω63 + Γ6161
64 −Ξgbeb,ebgb,eaga −iω31 − Γ3131 iω36 + Γ3131 − Γ6161 iω63 + Γ6161
65 Ξaqrgbeb,ebgb,eaga −iω62 − Γ6262 iω12 + Γ6262 − Γ6161 iω63 + Γ6161
66 Ξaqrgaea,ebgb,eaga −iω63 − Γ6363 iω13 + Γ6363 − Γ6161 iω63 + Γ6161
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Supplement C: Constants associated with the orientational average
In Equation (III.2), there are constants accounting for the orientational motion of the
molecules. In this supplement, these constants are presented. These constants are arranged
into three tables. The grouping is exactly the same as in the first supplement. In other
words, they are separated into the three tables according to whether the fields a or b act in
the first, the second, or the third interaction term. However, in contrast with the constants
presented in the previous section, these orientational constants depend on another parameter
β, instead of α, and β may be 1 or 2 for certain pathways n, as explained in the text.
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TABLE S.X: Orientational molecular constants for pathways in Table S.I.
n, β Qorn,β,r,q,p K
or
n,β,r,q,p A
or
n,β,r,q,p B
or
n,β,r,q C
or
n,β,r
1, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
1, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
2, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
2, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
3, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
4, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
5, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
5, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
6, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
7, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
7, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
8, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
9, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(a) 2D(b)
10, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(a) 2D(b)
11, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(a) 2D(b)
12, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
12, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
13, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
14, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
14, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
15, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
16, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
16, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
17, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
18, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
19, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
19, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
20, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
21, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
21, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
22, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
23, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
23, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
24, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(b) 2D(a)
25, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(b) 2D(a)
26, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(b) 2D(a)
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TABLE S.XI: Orientational molecular constants for pathways in Table S.II.
n, β Qorn,β,r,q,p K
or
n,β,r,q,p A
or
n,β,r,q,p B
or
n,β,r,q C
or
n,β,r
27, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(a) 2D(b)
28, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(a) 2D(b)
29, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(a) 2D(b)
30, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
30, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
31, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
31, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
32, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
33, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
34, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
34, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
35, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
36, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
36, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
37, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
38, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
38, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
39, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
40, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
40, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
41, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
42, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
42, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
43, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
44, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
45, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
45, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
46, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
47, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
47, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
48, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(b) 2D(a)
49, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(b) 2D(a)
50, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(b) 2D(a)
51, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
52, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
52, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
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TABLE S.XII: Orientational molecular constants for pathways in Table S.III.
n, β Qorn,β,r,q,p K
or
n,β,r,q,p A
or
n,β,r,q,p B
or
n,β,r,q C
or
n,β,r
53, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
53, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
54, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(b) 2D(b)
54, 2 445Eloµ
(b) −2D(b) −4D(b) 4D(b) 2D(b)
55, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(b) 2D(b)
56, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(a) 2D(b)
57, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(a) 2D(b)
58, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(a) 2D(b)
59, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(a) 2D(b)
60, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
60, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
61, 1 19Eloµ
(b) −2D(b) 2D(b) −2D(a) 2D(a)
62, 1 19Eloµ
(a) −2D(a) 2D(a) −2D(a) 2D(a)
62, 2 445Eloµ
(a) −2D(a) −4D(a) 4D(a) 2D(a)
63, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(b) 2D(a)
64, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(b) 2D(a)
65, 1 19Eloµ
(a) −2D(a) −2D(b) 2D(b) 2D(a)
66, 1 19Eloµ
(b) −2D(b) −2D(a) 2D(b) 2D(a)
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